Damage characteristics and constitutive modeling of the 2D C/SiC composite: Part II – Material model and numerical implementation  by Li, Jun et al.
Chinese Journal of Aeronautics, (2015),28(1): 314–326Chinese Society of Aeronautics and Astronautics
& Beihang University
Chinese Journal of Aeronautics
cja@buaa.edu.cn
www.sciencedirect.comDamage characteristics and constitutive modeling
of the 2D C/SiC composite: Part II – Material
model and numerical implementation* Corresponding author. Tel.: +86 29 88431023.
E-mail address: jiaogq@nwpu.edu.cn (G. Jiao).
Peer review under responsibility of Editorial Committee of CJA.
Production and hosting by Elsevier
http://dx.doi.org/10.1016/j.cja.2014.10.027
1000-9361 ª 2015 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.Li Jun, Jiao Guiqiong *, Wang Bo, Li Liang, Yang ChengpengDepartment of Engineering Mechanics, Northwestern Polytechnical University, Xi’an 710129, ChinaReceived 25 December 2013; revised 14 March 2014; accepted 18 April 2014
Available online 19 October 2014KEYWORDS
Ceramic matrix composites;
Continuum damage
mechanics;
Damage deactivation;
Finite element analysis;
Plasticity theory;
Strength of materialsAbstract In this work, a macroscopic non-linear constitutive model accounting for damage, inelas-
tic strain and unilateral behavior is proposed for the 2D plain-woven C/SiC composite. A set of
scalar damage variables and a new thermodynamic potential expression are introduced in the
framework of continuum damage mechanics. In the deduced constitutive equations, the material’s
progressive damage deactivation behavior during the compression loading is described by a contin-
uous function, and different deactivation rates under uniaxial and biaxial compression loadings are
also considered. In damage evolution laws, the coupling effect among the damage modes and
impediment effect of compression stress on the development of shear damage in different plane
stress states are taken into account. Besides, the general plasticity theory is applied to describing
the evolution of inelastic strain in tension and/or shear stress state. The Tsai–Wu failure criterion
is adopted for strength analysis. Additionally, the material model is implemented as a user-deﬁned
material subroutine (UMAT) and linked to the ABAQUS ﬁnite element software, and its perfor-
mance is demonstrated through several numerical examples.
ª 2015 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.1. Introduction
As a typical thermo-structural material, the mechanical behav-
ior and strength of the C/SiC composite and structures are of
great concern to researchers. Considering the main drawbackof the high fabrication cost, it is meaningful to develop an
appropriate constitutive model for this material which is con-
venient for integration into numerical tools such as the ﬁnite
element (FE) software, since FE analysis of composite struc-
tures can replace some mechanical tests and provide the engi-
neers with the necessary information to achieve optimized
structural design.1 However, it is not an easy task to achieve
this goal2 due to the complex damage mechanisms and the
resultant non-linear mechanical behavior of this material.3
Phenomenological continuum damage mechanics (CDM)
models are generally based on the thermodynamics of irrevers-
ible processes,4 in which the material damage is represented by
internal variables. Although they cannot explicitly account for
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CDMmodels are suitable for structural analysis and the model
parameters can be determined by macroscopic experiments.6
Furthermore, they can be combined with the general plastic
theory to describe the irreversible deformation of some mate-
rials. In view of these advantages, the CDM approach is
attractive to researchers when modeling the mechanical behav-
ior of ceramic matrix composites (CMCs), since damage is the
main source of energy dissipation in them.
Researchers from the well-known LMT7–11 and
ONERA2,12–14 laboratories have done a systematic work con-
cerning the development of the CDMmodels for CMCs. In the
representative ‘‘LMT’’ models, Ladeve`ze and Gasser et al.
have distinguished matrix and ﬁber-yarn damage mechanisms
of the SiC/SiC composite,7,8 and isotropic microcraking and
directional damage are separately taken into account in each
damage mechanism. Meanwhile, the unilateral behavior is
considered by dividing the Gibb’s free energy into ‘‘tension’’
and ‘‘compression’’ parts, and a spectral decomposition of
the stress tensor is generally needed.7–9 These models have
been widely applied to CMCs including SiC/SiC and C/C com-
posites.8,9 Recently, Cluzel and Genet et al. have extended the
applications of the ‘‘LMT’’ models to self-healing CMCs by
coupling the anisotropic macroscopic damage behavior with
physicochemical mechanisms,10,11 and both the mechanical
behavior and lifetime of the CMC structures subjected to com-
plex thermo-mechanical loadings in oxidizing environments
can be predicted by their models.
Chaboche and Maire et al. have developed different CDM
models which are referred to as ‘‘ONERA’’ models.2,12 Typi-
cally, scalar and tensorial damage variables were used to
describe the microcracks oriented respectively by the reinforce-
ments and the applied load in these models. The thermal resid-
ual stress (or strain) and damage deactivation indices are
incorporated in the formulation of thermodynamic potential
either in Gibbs or Helmholtz form. A new damage deactiva-
tion rule in Ref.13 allows a better description of the progressive
deactivation effect and the residual strain. The ‘‘ONERA’’
models have been applied to the C/SiC composite12; however,
the calibration of constitutive equations and the FE implemen-
tation are difﬁcult jobs as these models are highly complicated.
In recent years, some researchers have proposed simpliﬁed
macroscopic or multiscale material models for CMCs which
are more convenient to achieve their engineering applica-
tions.14–19 However, little work has been especially devoted
to the development of macroscopic constitutive models for
the C/SiC composite. The present paper is to develop a macro-
scopic material model for the 2D plain-woven C/SiC compos-
ite, in which the evolution of damage and inelastic strain as
well as the progressive damage deactivation behavior will be
considered. An integration algorithm and a consistent tangent
stiffness matrix based on the material model are provided to
achieve its FE implementation. In accordance with the ﬁrst
part of the paper,3 the model is conﬁned to in-plane static
loading conditions at ambient temperature.2. Material model
Firstly, let us brieﬂy summarize the damage characteristics of
the material under in-plane static mechanical loadings as
observed in the experiment,3 which include(1) The material shows remarkable non-linear stress/strain
relationships due to the initiation and development of
damage and inelastic strain when subjected to tension
and/or shear loading condition.
(2) Compared with the uniaxial tension and pure shear
loading conditions, the combined tension and shear
loads accelerate the growth rates of damage variables
on the material’s principle axes, and contrarily the com-
pression stress partially impedes the shear damage evo-
lution under combined compression and shear
loadings. The development of inelastic strain shows a
similar evolution rule.
(3) The material exhibits a nearly linear-elastic behavior
under monotonic uniaxial compression. Besides, the ten-
sion and/or shear damage generated in the loading his-
tory will be gradually deactivated during compression,
and the biaxial compression stresses yield a faster dam-
age deactivation rate than the uniaxial compression
condition.
Considering these mechanical responses, the material model
will be developed based on the CDM and plastic theories.
2.1. Stress/strain relationships
The microscopic observations have revealed the crack net-
works perpendicular to the reinforcing ﬁber bundles,3 which
are probably caused by the applied tension stress superposed
on the tensile thermal residual stress in the matrix. The inter-
face debonding ﬂaws are naturally aligned with the ﬁbers.
Indeed, some matrix cracks orthogonal to the loading direc-
tions are also observable in the material, which belong to the
isotropic damage mode. In the present paper, however, we will
only consider the orthotropic damage modes for the sake of
simplicity, and accordingly the orthotropic symmetry of the
material is assumed to be maintained throughout the damage
process under inﬁnitesimal deformation. Moreover, the com-
pliance coefﬁcient m12/E1 is assumed to be constant.20 Based
on these hypotheses, we introduced a set of in-plane scalar
damage variables: d1, d2, d6 (0 6 di=1,2,6 6 1) in the material
coordinate system with similar deﬁnitions in Ref.3:
d1 ¼ 1 E1E0
1
d2 ¼ 1 E2E0
2
d6 ¼ 1 G12G0
12
8>><
>>:
ð1Þ
where E1, E2 and G12 are damaged elastic moduli of the mate-
rial under mechanical loadings, and the superscript 0 denotes
the initial state of the material.
Referring to the formulations in the ‘‘LMT’’ models con-
cerning the damage and unilateral behavior of the SiC/SiC,
SiC/MAS-L and C/C composites,7,21,22 we divided the comple-
mentary elastic strain energy density qwe into several terms,
where q is the material density, we the complementary elastic
strain energy. However, unlike the damage characteristics of
the SiC/SiC composite which show a nearly instant stiffness
recovery after the load reversal from tension to compression7
and the damageable behavior of the C/C composite under
compression loadings,20 the compression stress causes no
apparent damage in the 2D plain-woven C/SiC material.
Instead, it would gradually deactivate the damage formed in
316 J. Li et al.the loading history (if any) by closing the microcracks and
interface debonding ﬂaws. Therefore, we formulate qwe of
the damaged material as follows:
qwe ¼
1
2
hr1i2
E01ð1 d1Þ
þ uðhr1i; d1Þ
E01
 2m
0
12r1r2
E01
"
þ hr2i
2
E02ð1 d2Þ
þ uðhr2i; d2Þ
E02
þ r
2
6
G012ð1 d6Þ
# ð2Þ
where r1, r2 and r6 are components of Cauchy nominal stress
tensor r, m012 is the primary in-plane Poisson’s ratio of the
undamaged material; Ææ denotes the McAuley operator with
a deﬁnition of Æxæ= (x+ |x|)/2; the terms related to u(Æriæ,
di) represent the strain energy generated during the monotonic
compression (di = 0) or the damage deactivation process
(di > 0) (i= 1, 2), and the function u is deﬁned as
uðhrii;diÞ¼ 1
k2i
hkirii2þ ln 1diehkirii2
 
 lnð1diÞ
h i
ði¼ 1;2Þ
ð3Þ
where no summation is assumed over a repeated index (the
same setting is adopted in the rest of the paper), and ki
(MPa1) is a non-negative parameter related to the thermal
residual stress (rr) along the ﬁber direction and deﬁned as
ki ¼ airr ði ¼ 1; 2Þ ð4Þ
where ai is a damage deactivation parameter on the ith princi-
ple axis of the material.
In order to differentiate the damage deactivation rates
caused by the uniaxial and biaxial compression stress states,
we deﬁne the damage deactivation parameters as
a1 ¼ gðr1Þa11 þ gðr2Þa12
a2 ¼ gðr2Þa22 þ gðr1Þa21

ð5Þ
where the material coefﬁcients aij (i, j = 1, 2) represent the
deactivation effect of compression stress rj on the tensile dam-
age on the ith principle axis of the material, and according to
the symmetry of plain-woven fabrics, there are a11 ¼ a22 and
a12 ¼ a21; g(x) is function slightly different from the Heaviside
function and deﬁned as
gðxÞ ¼ 0 if xP 0
1 if x < 0

ð6Þ
From Eqs. (2) and (6), one can determine that qwe is posi-
tive deﬁnite (the proof is presented in the Appendix A) and
equal to zero when r= 0. The elastic strain tensor is equal
to the derivative of qwe with respect to the stress tensor r:
ee ¼ q @we
@r
¼ ðe epÞ ð7Þ
where ee and ep denote the elastic and inelastic parts of the
strain tensor e, respectively.
Substituting Eqs. (2) and (3) into the above equation, the
damage elastic law is derived:
ee ¼
ee1
ee2
ee6
2
64
3
75 ¼
hr1i
E0
1
1d1ð Þ 
hr1i
E0
1
1d1ehk1r1i2
  m012
E0
1
r2
hr2i
E0
2
ð1d2Þ 
hr2i
E0
2
ð1d2ehk2r2 i2 Þ
 m012
E0
1
r1
r6
G0
12
ð1d6Þ
2
666664
3
777775 ð8Þwhere ee1; e
e
2 and e
e
6 are components of the elastic strain tensor
ee, and the Voigt contracted notation (with e6 = 2e12) will be
used in the rest of the paper.
In order to simplify the expressions of the above equation,
we introduce the effective damage variables d t;ci (i = 1, 2):
dt;ci ¼
dti ¼ di if ri P 0
dci ¼ diehkirii
2 ¼ dieðkiriÞ2 if ri < 0
(
ð9Þ
where the superscripts t and c denote the tension and compres-
sion stress state respectively. It can be deduced that dci in the
equation progressively decreases as the compression stress ri
increases for a given tensile damage variable di. By this means,
the damage deactivation process of the material under
compression loading is simulated.
Substituting Eq. (9) into Eq. (8), a simpliﬁed relation can be
derived:
ee ¼ Cd : r ð10Þ
where symbol (:) denotes inner product of two vectors or ten-
sors; Cd represents the compliance matrix of the damaged
material:
Cd ¼
1
E0
1
1dt;c
1ð Þ 
m0
21
E0
2
0
 m012
E0
1
1
E0
2
1dt;c
2ð Þ 0
0 0 1
G0
12
ð1d6Þ
2
66664
3
77775 ð11Þ
in which m021=E
0
2 ¼ m012=E01, and m021 is another Poisson’s ratio of
the undamaged material.
Eq. (10) is equivalent to the following constitutive equation:
r ¼ Sd : ee ð12Þ
where Sd is the stiffness matrix of the damaged material, and it
is derived by inverting the compliance matrix Cd and similar to
the forms presented in Refs.23,24:
Sd ¼ 1
t
E01 1 dt;c1
 
E01m
0
21d
0 0
E02m
0
12d
0 E02 1 d t;c2
 
0
0 0 tG012ð1 d6Þ
2
64
3
75 ð13Þ
where t ¼ 1 m012m021 1 dt;c1
 
1 dt;c2
 
; d0 ¼ 1 dt;c1
 
1 dt;c2
 
.
Further, we introduce the effective stress tensor ~r based on
the postulate of strain equivalent23,24:
~r ¼ S0 : ee ð14Þ
where S0 is the stiffness matrix of the intact material.
By substituting Eq. (10) into Eq. (14), one can obtain the
relationship between effective stress tensor ~r and nominal
stress tensor r:
~r ¼ S0 : Cd : r M : r ð15Þ
where M denotes the damage operator with the expression:
M ¼
1
1dt;c
1
0 0
0 1
1dt;c
2
0
0 0 1
1d6
2
664
3
775 ð16Þ
In practice, the equation ~r ¼M : r is generally applied for
the sake of simplicity,23–25 which indeed brings in some calcu-
lation error when dt;c1 – d
t;c
2 . The same approximation will be
adopted in the present analysis.
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As observed in the test results,3 the material damage starts evo-
lution after the applied tensile and/or shear stresses exceeding
the proportional limits, and its evolution rate is dependent on
the loading state due to the coupling effects between the dam-
age modes. Meanwhile, as the SiC matrix is insusceptible to
compression loads, it is reasonable to assume that the in-plane
compression stress will not cause any damage until the ulti-
mate failure of the material.
According to the CDM theory,20 the thermodynamic forces
Yi conjugated with the damage variables di (i = 1, 2, 6) are
derived from the thermodynamic potential:
Yi ¼ q @we
@di
ð17Þ
Substituting Eq. (2) into the above equation, we obtain
Y1 ¼ q @we
@d1
¼ 1
2E01
hr1i2
ð1 d1Þ2
þ @uðhr1i; d1Þ
@d1
" #
Y2 ¼ q @we
@d2
¼ 1
2E02
hr2i2
ð1 d2Þ2
þ @uðhr2i; d2Þ
@d2
" #
Y6 ¼ q @we
@d6
¼ 1
2G012
r26
ð1 d6Þ2
¼ ~r
2
6
2G012
8>>>>><
>>>>>>:
ð18Þ
The thermodynamic forces Y1 and Y2 in the above equation
can be respectively divided into two parts:
Yi ¼ Yþi þ Yi ði ¼ 1; 2Þ ð19Þ
where
Yþi ¼
hrii2
2E0i ð1 diÞ2
¼ ðHð~riÞ~riÞ
2
2E0i
P 0
Yi ¼
1
2E0i
@uðhrii; diÞ
@di
¼ 1
2E0i k
2
i
1
1 di 
1
ehkirii
2  di
 
P 0
8>>>>><
>>>>:
ð20Þ
where ~ri is the component of the effective stress tensor ~r; and
H(x) is the Heaviside function:
HðxÞ ¼ 1 if xP 0
0 if x < 0

ð21Þ
Both Yþi¼1;2 and Y

i¼1;2 in Eq. (20) are non-negative and have
the same unit (MPa), therefore Yi¼1;2;6 P 0 in Eq. (18) for any
in-plane stress state. Based on the damage characteristics of
this material, we assume that the thermodynamic forces
Yi¼1;2 associated with the compression stresses do not contrib-
ute to the damage evolution. In order to be thermodynamically
consistent, the damage evolution laws must satisfy the follow-
ing inequalities to fulﬁll the condition of positive dissipation:
_di P 0 ði ¼ 1; 2; 6Þ ð22Þ
Under these restrictions, the damage evolution laws are
established15,20:
d1 ¼ f1ðhY1;max  Y01iÞ
d2 ¼ f1 hY2;max  Y01i
 
d6 ¼ f6 hY6;max  Y06i
 
8>><
>>:
ð23Þwhere f1 and f6 are the damage evolution functions; Y

i¼1;2;6 are
functions of the thermodynamic forces Yi=1,2,6 representing
the equations of damage surfaces, and the subscript ‘‘max’’
represents the maximum value of the variable recorded in
the static loading history; Y01 and Y
0
6 denote the initial damage
thresholds.
The damage surfaces can be explicitly expressed as
Y1 ¼ Yþ1 þ g12ðYþ2 ÞYþ2
þg16ðY6ÞY6Hð~r1 þ ~r2Þ
Y2 ¼ Yþ2 þ g12ðYþ1 ÞYþ1
þg16ðY6ÞY6Hð~r1 þ ~r2Þ
Y6 ¼ Y6 þ g61ðYþ1 ÞYþ1
þg61ðYþ2 ÞYþ2  gcðhZ Z0iÞhZ Z0i
8>>>><
>>>>:
ð24Þ
where
Z ¼ hðr1 þ r2Þi
2
2E01
ð25Þ
and g12, g16 and g61 are monotonic increasing functions repre-
senting the damage coupling effects; the factor Hð~r1 þ ~r2Þ is
introduced to eliminate the tensile damage that may be arisen
by the shear stress through the coupling function g16 under
combined compression and shear loads; Z is a new thermody-
namic force15 and gc a related scalar function which are intro-
duced to take into account the impediment effect of
compression stress on the development of shear damage, and
Z0 is a positive material parameter representing the threshold
of this impediment effect.2.3. Evolution law of inelastic strain
The test results of the 2D plain-woven C/SiC composite3 have
revealed that the accumulation of inelastic strain relates to the
evolution of microscopic damage such as matrix cracking,
interface debonding and sliding or any combination of them.
This inelastic strain is actually different from the plastic strain
of ductile metals regarding their internal mechanisms; how-
ever, it can be macroscopically described within the framework
of plasticity.26,27 To date, a number of combined elasto-plastic
damage models have been developed for the composites.9–
11,20,28,29
In this study, we establish the evolution laws of inelastic
strain for the 2D plain-woven C/SiC composite based on the
plastic model proposed by Chen et al.,24 in which an isotropic
hardening law is adopted and the hysteresis effect is neglected.
The ‘‘plastic’’ yield function f in terms of the effective stress
tensor ~r is deﬁned as follows:
f ~r;epð Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Hð~r1Þ~r21 þH ~r2ð Þ~r22 þm2~r26
q
 j epð Þ ¼ 0 ð26Þ
where m is a material constant proportional to the ratio of
inelastic strain developed under the pure shear loading to that
generated under the on-axis tensile loading at the same effec-
tive stress level; j is the hardening function in terms of the
equivalent inelastic strain ep and expressed as follows:
jðepÞ ¼ rðepÞ ¼ R0 þ bðepÞc ð27Þ
where R0 is the initial threshold stress of inelastic strain; b and
c are material parameters; r is the equivalent stress associated
318 J. Li et al.with the equivalent inelastic strain ep, and rðepÞ represents the
isotropic hardening law.
The associated plastic ﬂow rule is applied for simplicity,
therefore the inelastic strain rate _ep can be expressed as24
_ep ¼ _kp@~rf ð28Þ
where @~rf ¼ @f=@~r; _kp is referred to as the non-negative plastic
consistency parameter and assumed to obey the following
Kuhn–Tucker loading/unloading conditions30:
f 6 0
_kp P 0
_kpf  0
8><
>: ð29Þ
Substituting Eq. (26) into Eq. (28), the explicit form of
inelastic strain rate is derived:
_ep1
_ep2
_ep6
2
64
3
75 ¼ _kp@~rf ¼ _kp
Hð~r1Þ~r1=r
Hð~r2Þ~r2=r
m2~r6=r
2
64
3
75 ð30Þ
where r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Hð~r1Þ~r21 þHð~r2Þ~r22 þm2~r26
p
.
The rate of plastic work per unit volume _WP is given by
_Wp ¼ ~r : _ep ¼ r _ep ð31Þ
Then, the equivalent plastic strain rate _ep can be derived by
substituting Eq. (30) into Eq. (31):
_ep ¼ _kp ð32Þ
From the above equations, one can deduce that the evolu-
tion law of inelastic strain can be obtained provided that the
effective stress tensor ~r and the plastic consistency parameter
_kp are determined.
2.4. Failure criterion
In most cases, the composite structures are subjected to com-
plex multiaxial loading conditions, and each stress component
affects the ultimate strength and their interactions are not neg-
ligible. As a result, an appropriate failure criterion is needed
for a prediction of the structural strength. Siron et al. sepa-
rately used the or/ oeﬁ 0 condition and critical damage
parameters dmaxi (i= 1, 2, 6) as failure criteria to predict the
ultimate strengths of the 2.5D C/C composite plates subjected
to off-axis tensile loads, and the latter criterion leads to a smal-
ler discrepancy between the predicted and measured failure
stresses29; Camus used the critical effective tensile stresses, a
critical shear damage value and the maximum compression
energy as failure ﬂags for the 2D SiC/SiC composite in differ-
ent stress states.15 In recent years, the well-known average
stress criterion, which is a nonlocal failure criterion and origi-
nally developed by Whitney and Nuismer for laminates,31 was
introduced to the fracture analysis of CMCs after some mod-
iﬁcations.11,32 In Refs.11,32, it is assumed that the CMC struc-
ture reaches its ultimate strength when the average tensile
stress over a circular or square area (deﬁned by a characteristic
length l0) equals the unnotched tensile strength. This criterion
has been proved to be applicable to CMC structures. However,
a post-processing step is required to determine the ﬁnal rupture
state based on the FE simulation result. Multi-scale failure cri-
teria developed for composite laminates, which are more phys-
ical mechanism based, can be found in Refs.33,34.In this study, for the sake of simplicity, we incorporate the
local Tsai–Wu strength criterion35 in the FE analysis. It takes
the general form as follows:
fTW ¼ Firi þ Fijrirj ¼ 1 ði; j ¼ 1; 2; . . . ; 6Þ ð33Þ
where Fi and Fij are strength tensors of the second and fourth
rank, respectively.
In the plane stress state, the above equation reduces to:
fTW ¼ F1r1 þ F2r2 þ F11r21
þ F22r22 þ F66r26 þ 2F12r1r2 ¼ 1
ð34Þ
with:
F1 ¼ 1Xt  1Xc
F2 ¼ 1Yt  1Yc
F11 ¼ 1XtXc
F22 ¼ 1YtYc
F66 ¼ 1S2
8>>>><
>>>>:
ð35Þ
where Xt and Xc are the longitudinal tension and compression
strengths respectively, Yt and Yc the transverse tension and
compression strengths respectively, S the in-plane shear
strength. Obviously, there are Xt = Yt and Xc = Yc for the
2D plain-woven C/SiC composite. F12 represents the interac-
tion of two direct stress components (r1 and r2) and its deter-
mination is relatively difﬁcult. A biaxial tension test is
recommended35 but it needs more complicated specimens
and test instruments. The off-axis tension tests conducted in
Ref.3 do create combined stress states; however, the results
can be merely referred because the stress ﬁelds are non-uni-
form near the ends of specimens due to the constraint effects.
So we assume different values of F12 in the generalized tension
and compression stress states:
F12 ¼
Ft12 ðr1 þ r2ÞP 0
Fc12 ðr1 þ r2Þ < 0

ð36Þ
where Ft12 and F
c
12 are determined through inverse
identiﬁcation.
3. Numerical implementation
The proposed non-linear constitutive model is implemented
into the commercial FE software ABAQUS via a user-deﬁned
material subroutine (UMAT) programmed in FORTRAN lan-
guage, in which the numerical integration algorithms for updat-
ing the solution-dependent state variables (SDVs) and the
nominal stress tensor rmust be deﬁned, and the material Jaco-
bian matrix (i.e. the consistent tangent stiffness matrix) should
be provided in order to achieve a rapid convergence rate.36
3.1. Integration algorithm
The material model takes into account the evolution laws of
damage and inelastic strain, hence its FE implementation
requires numerical integrations over discrete time increments.
In the incremental approach driven by strain, the loading his-
tory is discretized into a sequence of time steps [tn, tn+1], n e {0,
1, 2, 3, . . .}, where each step is referred to as the (n+ 1)th
increment.24 For a given strain increment Den+1, the variables
epi ; r;e
p;Yþi ;Y

i;max; ~ri, di, d
t;c
1;2, fTW,max (i = 1, 2, 6) in the
Damage characteristics and constitutive modeling 319material model are deﬁned as SDVs and they are passed in
known variables at the beginning of the (n+ 1)th increment,
where fTW;max records the failure state of the element.
The backward Euler implicit integration procedure is
adopted,24,37 and the integration algorithm based on the mate-
rial model is formulated as follows:
enþ1 ¼ en þ Denþ1
e
p
nþ1 ¼ epn þ Dkpnþ1@~rnþ1 fnþ1
epnþ1 ¼ epn þ Dkpnþ1
~rnþ1 ¼ S0 : ðenþ1  epnþ1Þ
fnþ1ð~rnþ1;epnþ1Þ 6 0
rnþ1 ¼ Sd;nþ1 : ðenþ1  epnþ1Þ
8>>>>><
>>>>>>:
ð37Þ
where en, Den+1 and en+1 are known quantities;
Dkpnþ1;e
p
nþ1; e
p
nþ1; ~rnþ1, Sd,n+1 and rn+1 are unknown SDVs to
be solved.
Firstly, the strain increment Den+1 is assumed to be an elas-
tic strain increment Deenþ1, and then we can obtain a trial effec-
tive stress tensor ~rtrialnþ1 and substitute it into the yield function
fn+1 in Eq. (37). If the inequality fn+1 6 0 is satisﬁed, then
the material stays in the elastic domain or elastic unloading–
reloading state; otherwise, the plastic loading happens and
there is an inelastic strain increment Depnþ1. From Eq. (37)
one can ﬁnd that the variables epnþ1, e
p
nþ1, ~rnþ1 are related to
the increment of the plastic consistency parameter Dkpnþ1,
therefore the problem can be reduced to calculate the value
of Dkpnþ1 to make fn+1 = 0, i.e.:
f ~r Dkpnþ1
 
;ep Dkpnþ1
   ¼ 0 ð38Þ
The Newton–Raphson iteration method is used to solve the
above function. The initial conditions are set as:
Dkp;ð0Þnþ1 ¼ 0; ~rð0Þnþ1 ¼ ~rtrialnþ1; ep;ð0Þnþ1 ¼ epn ;ep;ð0Þnþ1 ¼ epn , and then the fol-
lowing iterations are performed:
Dkp;ðkþ1Þnþ1 ¼ Dkp;ðkÞnþ1 
f Dkp;ðkÞnþ1
 
f0 Dkp;ðkÞnþ1
  ð39Þ
until f ~r Dkp;ðkþ1Þnþ1
 
;ep Dkp;ðkþ1Þnþ1
  
6 TOL, where the super-
script k e {0, 1, 2, 3, . . .}, and TOL is the error tolerance and
set to 1.0 · 108 in the present work. The calculated results
Dkp;ðkþ1Þnþ1 ; e
p;ðkþ1Þ
nþ1 ;e
p;ðkþ1Þ
nþ1 and ~r
ðkþ1Þ
nþ1 are stored as updated SDVs.
Since the effective stress tensor ~rnþ1 has been renewed, the
thermodynamic forces Yþ1;nþ1;Y
þ
2;nþ1, Y6 and their functions
Yi;nþ1, damage variables di,n+1 (i= 1, 2, 6) and the damaged
stiffness matrix Sd,n+1 can be successively calculated. Finally,
the nominal stress rn+1 can be determined.
If the stresses on the integration points are instantly
removed once the Tsai–Wu failure criterion is fulﬁlled in local
elements, this would probably lead to a convergence problem.
Then the FE analysis might abort and the structure’s load
bearing capacity would be underestimated. In order to avoid
this problem, we assume Depnþ1 ¼ Denþ1 for the failed elements,
then according to Eq. (37) the effective stress tensor will
remain unchanged (i.e. ~rnþ1 ¼ ~rn), and the damage variables
will also keep constant. In this way, the failed material is sup-
posed to show the ideal plastic behavior in the post-failure
regime. Indeed, this assumption would lead to more dissipated
energy and overestimate the structural strength; however, itwill effectively alleviate the convergence problem. So it can
be seen as a compromise between the computational difﬁculty
and accuracy.
3.2. Jacobian matrix
The consistency condition requires that the stress points stay on
the yield surface during the loading process. For the isotropic
hardening material, the following equations must be satisﬁed:
fð~rij;epÞ ¼ 0
fð~rij þ d~rij;ep þ depÞ ¼ 0

ð40Þ
Thus, we can write
df ¼ 0) @f
@~rij
d~rij þ @f
@j
@j
@ep
dep ¼ 0 ð41Þ
Substituting Eqs. (14), (26), (27), (28) and (32) into the
above function, we obtain
dkp ¼ @~rf : S0 : de
Hp þ @~rf : S0 : @~rf ð42Þ
where Hp is the plastic modulus and deﬁned as follows:
Hp ¼ @j
@ep
¼ bcðepÞc1 ð43Þ
Besides, Eq. (12) has the following incremental form:
dr ¼ Sd : dee ¼ Sd : ðde dkp@~rfÞ ð44Þ
Substituting Eq. (42) into the above equation, an incremen-
tal form of the stress/strain relationship is derived:
dr ¼ Sdp : de ð45Þ
where
Sdp ¼ Sd  ðSd : @~rfÞ  ðS0 : @~rfÞ
Hp þ @~rf : S0 : @~rf ð46Þ
where Sdp is the consistent tangent matrix of the material
model, and () denotes a tensor product.
The numerator ðSd : @~rfÞ  ðS0 : @~rfÞ in the above equation
is asymmetric for most loading conditions. In order to acceler-
ate the convergence rate, the matrix Sdp is symmetrized to be
the following Jacobian matrix Jdp:
Jdp ¼ Sd  ðSd : @~rfÞ  ðS0 : @~rfÞ þ ðS0 : @~rfÞ  ðSd : @~rfÞ½ 
2ðHp þ @~rf : S0 : @~rfÞ
ð47Þ
As the variables in the above equation have been solved
through the integration algorithm, the matrix Jdp can be
explicitly determined.
In the post-failure regime, the consistent tangent matrix Sdp
in Eq. (45) is equal to 0, and the corresponding Jacobian
matrix is assumed to be Jfdp ¼ 0:01S0 for numerical reasons,
where the superscript f denotes the failure state.
4. Model parameters
The parameters in the model were determined mainly based on
the test results in the ﬁrst part of the paper.3 Table 1 listed the
elastic constants and some strength parameters obtained
through the on-axis tension, compression and pure shear tests,
Table 1 Elastic constants and strength parameters of the 2D
plain-woven C/SiC composite.
Property Symbol Value
Tensile/compressive modulus (GPa) E01;2 146.51
Poisson’s ratio m012 0.067
Shear modulus (GPa) G012 37.82
Tensile strength (MPa) Xt, Yt 265.28
Compressive strength (MPa) Xc, Yc 338.94
Shear strength (MPa) S 143.43
Strength parameter (MPa2) Ft12 2.0 · 10
5
Strength parameter (MPa2) Fc12 2.5 · 10
6
320 J. Li et al.and the other strength parameters Ft12 and F
c
12 in Eq. (36) deter-
mined by means of inverse identiﬁcation.
As Y1 ¼ Yþ1 and Y6 ¼ Y6 in the on-axis tension and pure
shear tests (see Eq. (24)), the incremental loading–unloading
test method enables one to obtain the evolution laws of dam-
age variables d1 and d6 as a function of Y

1 and Y

6 respectively,
and the discrete data shown in Fig. 1 was ﬁtted by the follow-
ing logistic functions:
di ¼ fiðhYi;max  Y0i iÞ ¼ ai
 ai½1þ ðhYi;max  Y0i i=biÞ
ci  ði ¼ 1; 6Þ
ð48Þ
where ai, bi and ci are shape parameters of the logistic function,
in which ai can be regarded as the ultimate values of the related
damage variable di, and bi is the normalizing thermodynamicFig. 1 Damage evolution laws obtaine
Fig. 2 Experimental data and ﬁtteforce. The parameters identiﬁed are Y01 ¼ 1:35 103 MPa,
a1 = 0.87, b1 = 0.47 MPa, c1 = 0.57; Y
0
6 ¼ 2:17 103 MPa,
a6 = 0.86, b6 = 0.39 MPa, c6 = 0.63.
The damage coupling functions g12, g16 and g61 in Eq. (24)
were determined based on the experiment data obtained from
the 15, 30 and 45 off-axis incremental loading–unloading
tensile tests, in which there are: Y1 ¼ Yþ1 ;Y2 ¼ Yþ2 and
Z= 0, and the strains are measured close to the center of
the specimen’s gauge section, where the non-uniformity of
the stress ﬁeld caused by the end constraints and material
asymmetry is moderately reduced.
Firstly, we notice that Y2 << Y1, Y6 during the 15 off-
axis tension test, therefore we assume Y1 ¼ Y1 þ g16ðY6ÞY6
as an approximation of Eq. (24), and then the coupling func-
tion g16(Y6) can be separated because the variables d1, Y1
and Y6 can be experimentally determined and Y

1 can be
deduced from the identiﬁed damage evolution law f1 in Eq.
(48). In order to reduce the dispersion of experiment data,
the whole term gij(Yj)Yj is analyzed as a function of Yj.
Fig. 2(a) shows the relationship between g16(Y6)Y6 and Y6,
in which a linear function is used to ﬁt the discrete data:
g16ðY6ÞY6 ¼ a16Y6 ð49Þ
where a16 is a proportional constant and identiﬁed as
a16 = 1.15.
Secondly, as Yþ1 ¼ Yþ2 for the 45 off-axis tensile test
results, the variation of g61ðYþ1 ÞYþ1 as a function of Yþ1 in
Eq. (24) can be identiﬁed since the variables d6, Y6 and Y
þ
1
can be determined and Y6 can be deduced from the identiﬁedd from test results and ﬁtted curves.
d curves of coupling functions.
Fig. 4 Experimental results and a ﬁtted curve of (j  R0) versus
equivalent plastic strain ep.
Damage characteristics and constitutive modeling 321damage evolution law f6 in Eq. (48). A linear function was also
applied to ﬁt the discrete data (shown in Fig. 2(b)):
g61ðYþ1 ÞYþ1 ¼ a61Yþ1
g61ðYþ2 ÞYþ2 ¼ a61Yþ2

ð50Þ
where a61 is a proportional constant and identiﬁed as
a61 = 16.39.
Thirdly, since the expression of g16(Y6)Y6 has been known,
the variation of g12ðYþ1 ÞYþ1 as a function of Yþ1 can be deter-
mined based on the 30 off-axis tensile test results through a
similar procedure, and a power function is applied to ﬁt the
discrete data (shown in Fig. 2(c)):
g12ðYþ1 ÞYþ1 ¼ a12ðYþ1 Þb12 ð51Þ
where a12 and b12 are shape parameters of the power function
and identiﬁed as a12 = 53.48, b12 = 1.53.
Similarly, g12ðYþ2 ÞYþ2 has the following expression:
g12ðYþ2 ÞYþ2 ¼ a12ðYþ2 Þb12 ð52Þ
The impediment effect of compression stress on the evolu-
tion of shear damage is represented by the function gc in Eq.
(24), and it can be identiﬁed from the results of the off-axis
compression tests as there are Yþ1 ¼ 0 and Yþ2 ¼ 0. The func-
tion gc was determined by ﬁtting the related 30 and 45 off-
axis compression test results as shown in Fig. 3:
gcðhZ Z0iÞ ¼ ac 1 ehZZ
0i=bc
 
ð53Þ
where ac and bc are shape parameters of the exponential func-
tion; Z0 is determined from the initiation stress of the shear
damage. They are identiﬁed as: ac = 0.81, bc = 0.041 MPa
and Z0 = 0.017 MPa.
The parameters in the evolution law of inelastic strain were
identiﬁed based on the incremental loading–unloading tensile
and shear test results. From Eqs. (26), (27) and (32), we can
deduce that there are equations r ¼ ~r1 and ep ¼ kp ¼ ep1 under
the on-axis tensile loading, and hence the hardening function
jðepÞ in Eq. (27) can be determined based on the uniaxial ten-
sile test results. Comparatively, there are r ¼ m~r6 and
ep ¼ kp ¼ m1ep6 under the pure shear loading, then the mate-
rial constant m in the yield function can be inversely identiﬁed
through the comparison between the related tensile and shear
test results. The experimental data and a ﬁtted curve are shownFig. 3 Experimental data and a ﬁtted curve of impediment
function gc.in Fig. 4, and the identiﬁed parameters are: R0 = 18.79 MPa,
m= 1.54, b= 1.31 · 105 MPa, c= 0.86.
The damage deactivation parameters a11, a12 in Eq. (5) were
determined by inverse identiﬁcation a11 ¼ 0:195, a12 ¼ 1:365,
and the thermal residual stress rr in Eq. (4) was set to
130 MPa.38
5. Experimental validation and discussion
The material model was implemented as a UMAT subroutine
and linked to ABAQUS. For the validation purpose, the axial
stress/strain curves of unnotched on-axis and off-axis speci-
mens3 subjected to tension, compression and tension–compres-
sion loadings were simulated and compared with the
experimental results. Further, as the C/SiC composites gener-
ally show moderate notch insensitivity in comparison with
the monolithic ceramics,39 which is attributable to the stress
redistribution mechanisms including matrix microcracking40
and the inelastic straining prior to the failure41, we additionally
simulate the tensile response of a 45 off-axis plate with two
centrally located V-notches, and a corresponding experiment
was also performed for comparison.
In each FE model, a local coordinate system was built to
assign the off-axis angle (h) of the reinforcing fabrics, and con-
tinuum shell elements with reduced integration and hourglass
control (designated CPS4R in ABAQUS) were used to mesh
the model. Except for the monotonic loading cases, a sequence
of static analysis steps was created to simulate the incremental
loading–unloading test processes.
5.1. On-axis and off-axis plates
Straight plates with the same dimensions of tension and com-
pression specimens as illustrated in Ref.3 were modeled and
subjected to axial tension, compression and incremental ten-
sion–compression loads with different off-axis angles (h). For
each plate, the transverse displacements at both ends are ﬁxed
(uy = 0) to keep consistent with the constraint condition in the
experiment, and the element size in the longitudinal and trans-
verse direction is set to 1.25 mm and 0.5 mm respectively.
Firstly, the global stress/strain relationships of the plates
subjected to axial tension and compression loads were
extracted from the simulation results and then compared with
Fig. 5 Experimental (solid lines) and FE simulated (dashed lines) global stress/strain relationships of on- and off-axis plates under
different loadings.
Fig. 6 Typical experimental and FE simulated tension–compression stress/strain curves of plates with different off-axis angles.
322 J. Li et al.the typical experiment curves (Fig. 5). Since the material model
has taken into account the damage evolution and accumula-
tion of the inelastic strain in the material coordinate system,
the global non-linear tensile responses of the on- and off-axis
specimens can be predicted by the simulation results (see
Fig. 5(a)). In comparison with the experiment results, the pre-
dicted strength of the 15 off-axis tension plate is underesti-
mated to some extent, which may be attributed to the
relatively large dispersion of the experiment data as obtained
in Ref.3. Besides, the simulated stress/strain curves of the 45
off-axis tension plate are basically higher than the experiment
results. This is mainly caused by the factor that the isotropic
damage modes such as the matrix microcracks oriented by
the axial load are not considered in the present model. Com-
pression behavior of the plates, which is rather different from
the tension test results, can be moderately predicted by the
material model (see Fig. 5(b)) because the evolution of damage
and inelastic strain is partially or fully impeded by the com-
pression stress components.
Further, the mechanical responses of on- and off-axis plates
subjected to the tension–compression loadings were simulated
by creating a sequence of static tension and compression load-
ing steps in the FE software. The global stress/strain curves
obtained from the experiment and FE simulation results are
presented in Fig. 6, where the simulated global mechanical
responses are reﬂections of the damage or damage deactivation
behaviors in the material coordinate system. During the axial
tension loading, the progressive stiffness degradation and
accumulation of inelastic strain can be observed in the simu-
lated stress/strain curves. After the load reversal, the experi-ment curves reveal that damaged stiffness of the on-axis, 30
and 45 off-axis plates gradually recovers as the compression
stress increases. These damage deactivation behavior can be
moderately predicted by the present model; meanwhile, the
continuity of the stress/strain curves is retained.
5.2. 45 off-axis plate with V-notches
The tensile response of a 45 off-axis plate with two centrally
located V-notches (see Fig. 7) was simulated and then com-
pared with the experiment result for further validation of the
material model. In the experiment, strain gages designated
SG1 and SG2 were separately afﬁxed to the specimen to mea-
sure the tensile strains at the edge of the notch and the mid-
point on the minimum cross section. The grid size of each
strain gage is 3.0 mm by 4.0 mm, which is respectively equal
to the total length of 40 and 16 elements along the x and y axis
in the FE model. Due to the symmetric geometry and loading
conditions as well as the material symmetries, 1/4th of the
plate with locally reﬁned meshes (see Fig. 7) was modeled to
save computation resources.
Three strain components e1, e2 and e6 were extracted from
the integration points of the elements covered by the strain
gages SG1 and SG2. Then, the axial strain ex was calculated
using the transformation formula ex = (e1 + e2  e6)/2, and
hence the curves of the nominal tensile stress rx in the net-sec-
tion versus the strain ex at these two locations were derived
from the simulation result and then compared with the exper-
iment data, which were shown in Fig. 8. It can be observed that
the simulated curves accord well with the experiment data at
Fig. 8 Typical experiment data and simulated results of nominal tensile stress versus longitudinal strains at locations covered by SG1
and SG2 in the minimum cross section.
Fig. 9 Fractured 45 off-axis specimen with V-notches.
Fig. 7 FE meshes of 1/4 model and geometry and boundary conditions of 45 off-axis plate with V-notches.
Damage characteristics and constitutive modeling 323the stress level of around 80 MPa, after that they show higher
stiffness degradation rates and accumulation rates of inelastic
strain. Similar to the discrepancy between the predicted and
experimental strength of the unnotched 45 off-axis tension
plate (see Fig. 5(a)), the material model a little overestimates
the nominal tensile strength of the V-notched 45 off-axis
plate.
Apparent strain concentration near the edge of the notch
can also be observed in Fig. 8, and the strain gage SG1 failed
before the ultimate fracture of the specimen. Besides, a plateau
appears in the experimental stress/strain curves, which is espe-
cially observable in Fig. 8(a). This phenomenon may be caused
by large inelastic straining and delamination of the material,
because the axial tensile stress/strain curve of the unnotched
45 off-axis plate in Fig. 5(a) shows a large fracture strain
and it nearly reaches a similar plateau; meanwhile, the delam-ination can be detected in the fractured V-notched specimen
(see Fig. 9). Probably due to these energy dissipation mecha-
nisms, the nominal tensile strength in the minimum cross sec-
tion (133.58 MPa) is not evidently affected by the stress
concentration near the edge of the notch, considering that
the average tensile strength of the unnotched 45 off-axis spec-
imens is 125.08 ± 11.81 MPa.
A typical photo of the fractured specimen is presented in
Fig. 9 and the deformed conﬁguration of the simulated plate
with stress and SDV contours following the ultimate load
are presented in Fig. 10, where S11, S22, S12 and SDV20 corre-
spond to r1, r2, r6 and fTW,max respectively. Fig. 9 shows that
the fracture plane propagates approximately along the mini-
mum cross section of the specimen. This failure process of
the plate can be predicted by the failure contour of SDV20
in Fig. 10(d). Besides, as large inelastic straining occurred at
the failed elements as supposed in the material model, the con-
tours of stress components (see Fig. 10(a)–(c)), especially r1
and r2, show that stress concentration in and near the failed
area is not obvious due to the stress redistribution. These
results also prove that inelastic straining would reduce the
notch sensitivity of the material.
6. Conclusions
(1) In this paper, we have proposed a non-linear macro-
scopic constitutive model for the 2D plain-woven C/
SiC composite. The evolution laws of damage and
inelastic strain have been established based on the
CDM and general plasticity theories, respectively. A
Fig. 10 Deformed conﬁguration (ampliﬁed 20 times) of simulated plate with contours of stress components and failure state following
ultimate load.
324 J. Li et al.new thermodynamic potential function was developed,
which enables the constitutive equations to take the
damage, unilateral and damage deactivation behavior
into consideration. Different damage deactivation rates
in uniaxial and biaxial compression state were also con-
sidered. In order to achieve the numerical application of
the proposed material model, the material Jacobian
matrix was explicitly deﬁned and the backward Euler
implicit integration procedure was adopted.
(2) The main advantage of this material model is that its
formulation is rather simple, which makes it convenient
to be programmed and then implemented into the com-
mercial FE software. Besides, most of the model param-
eters can be determined based on the on- and off-axis
test results. The mechanical behavior of on- and off-axis
plates subjected to different in-plane loadings and a 45
off-axis tension plate with V-notches was simulated in
the ABAQUS software and then compared with the
experiment results. The numerical results show that the
non-linear mechanical response resulting from the devel-
opment of damage and inelastic strain can be moder-
ately captured by the model; moreover, the continuity
of the stress/strain relationship during the damage deac-
tivation process is comprehensibly retained. In addition,
Tsai-Wu failure criterion seems to be adoptable in the
strength analysis. The model, after some adjustments,
can be applied to the unidirectional ﬁber-reinforced C/
SiC composite laminates which also show elasto-plas-
tic-damage behavior.(3) Some damage mechanisms of the material such as the
isotropic microcracking and the deactivation process
of shear damage under compression loadings are not
considered in the present model. This leads to some dis-
crepancies between the experiment and numerical
results. Besides, the availability of the model is conﬁned
to in-plane loading conditions. Future work is needed to
overcome these inadequacies.Acknowledgements
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Appendix A.
The positive deﬁnition of the complementary elastic strain
energy density qwe in Eq. (2) requires that the inequation
qwe > 0 should be fulﬁlled for all nonzero stress vectors r
(=[r1, r2, r6]
T). Considering that the stress states can be
divided into four types according to the signs of the normal
stress components, we can discuss the positive deﬁniteness of
qwe as follows:
1. If r1 > 0, r2 > 0, the corresponding expression of qwe in
Eq. (2) reduces to
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1
2
r21
E01ð1d1Þ
2m
0
12r1r2
E01
þ r
2
2
E02ð1d2Þ
þ r
2
6
G012ð1d6Þ
 
¼ 1
2
rTC1r
ðA1Þ
where C1 is the compliance matrix which takes the following
form:
C1 ¼
1
E0
1
ð1d1Þ
m0
12
E0
1
0
m0
12
E0
1
1
E0
2
ð1d2Þ 0
0 0 1
G0
12
ð1d6Þ
2
66664
3
77775 ðA2Þ
Three upper left determinants of the above symmetric
matrix C1 are given by
D1 ¼ 1E0
1
ð1d1Þ
D2 ¼ 1m
0;2
12
ð1d1Þð1d2Þ
E0
1
E0
2
ð1d1Þð1d2Þ
D3 ¼ 1m
0;2
12
ð1d1Þð1d2Þ
E0
1
E0
2
G0
12
ð1d1Þð1d2Þð1d6Þ
8>><
>>:
ðA3Þ
As 0 6 d1;2 < 1 and m012  0:06 < 1 6 1ð1d1Þð1d2Þ, one can
determine that D1 > 0, D2 > 0 and D3 > 0. The above
determinant test proves that C1 is positive deﬁnite. This further
veriﬁes that the real quadratic form rTC1r is positive, so is qwe
in Eq. (A1) in this stress state.
2. If r1 < 0, r2 < 0, the expression of qwe in Eq. (2)
reduces to
qwe¼
1
2
uðhr1i;d1Þ
E01
2m
0
12r1r2
E01
þuðhr2i;d2Þ
E02
þ r
2
6
G012ð1d6Þ
 
ðA4Þ
where
uðhr1i;d1Þ¼ 1
k21
hk1r1i2þ ln 1d1ehk1r1i2
 
 lnð1d1Þ
h i
¼r1<0 1
k21
ðk1r1Þ2þ ln 1d1e
ðk1r1Þ2
1d1
 !" #
ðA5Þ
in which
ln
1 d1eðk1r1Þ2
1 d1
 !
> 0 ðA6Þ
thus we can determine that
uðhr1i; d1Þ > r21 if r1 < 0 ðA7Þ
Similarly, the following inequation can be deduced:
uðhr2i; d2Þ > r22 if r2 < 0 ðA8Þ
So we can conclude that
qwe >
1
2
r21
E01
 2m
0
12r1r2
E01
þ r
2
2
E02
þ r
2
6
G012ð1 d6Þ
 
¼ 1
2
rTC2r ðA9Þ
where C2 is another compliance matrix that takes the form
C2 ¼
1
E0
1
m0
12
E0
1
0
m0
12
E0
1
1
E0
2
0
0 0 1
G0
12
ð1d6Þ
2
66664
3
77775 ðA10Þ
It can be easily veriﬁed that all three upper left determi-
nants of the matrix C2 are positive, therefore we can also deter-
mine from Eq. (A9) that qwe > 0 under this loading condition.3. If r1 > 0, r2 < 0, the corresponding expression of qwe in
Eq. (2) reduces to:
qwe ¼
1
2
r21
E01ð1 d1Þ
þ uðhr2i; d2Þ
E02
 2m
0
12r1r2
E01
þ r
2
6
G012ð1 d6Þ
 
ðA11Þ
Substituting the inequality (A8) into the above equation,
the following relation can be derived:
qwe >
1
2
r21
E01ð1 d1Þ
þ r
2
2
E02
 2m
0
12r1r2
E01
þ r
2
6
G012ð1 d6Þ
 
¼ 1
2
rTC3r
ðA12Þ
where C3 is a compliance matrix:
C3 ¼
1
E0
1
ð1d1Þ
m0
12
E0
1
0
m0
12
E0
1
1
E0
2
0
0 0 1
G0
12
ð1d6Þ
2
66664
3
77775 ðA13Þ
Again, one can determine that all the three upper left deter-
minants of C3 are positive, and further deduce that qwe in Eq.
(A11) is positive.
4. If r1 < 0, r2 > 0, the corresponding expression of qwe in
Eq. (2) reduces to
qwe ¼
1
2
uðhr1i; d1Þ
E01
þ r
2
2
E02ð1 d2Þ
 2m
0
12r1r2
E01
þ r
2
6
G012ð1 d6Þ
 
ðA14Þ
The following relation is derived by substituting the
inequality (A7) into the above equation:
qwe >
1
2
r21
E01
þ r
2
2
E02ð1 d2Þ
 2m
0
12r1r2
E01
þ r
2
6
G012ð1 d6Þ
 
¼ 1
2
rTC4r
ðA15Þ
in which C4 takes the form
C4 ¼
1
E0
1
m0
12
E0
1
0
m0
12
E0
1
1
E0
2
ð1d2Þ 0
0 0 1
G0
12
ð1d6Þ
2
66664
3
77775 ðA16Þ
Similarly, one can easily determine that qwe in Eq. (A14) is
positive under this loading condition by proving the positive
deﬁniteness of the symmetric matrix C4.
As a result, it can be concluded that the complementary
elastic strain energy density qwe proposed in Eq. (2) is positive
deﬁnite for all nonzero in-plane stress states.References
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